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^ i 0. Introduction 
00 

, In this paper we study continuous actions of Polish groups on Polish spaces (say G on X) by 

. means of generalized Scott invariants introduced by Hjorth in Modifying the generalized Hjorth- 

cn ■ 

' Scott analysis we approach the orbit equivalence relation in a fashion which exploits descriptive set 

' theoretical view-point slightly more intensively. 

The basic tool of Hjorth's work are hereditarily countable structures (j)a{x,U,V)^ U ^open 
. V Qopen G, corresponding to Scott characteristics ([J, Chapter 6.2). We rather concentrate on 

■ associated sets Ba{x,U,V) = {y & X : (f)a{y,U,V) = (f'aixTU^V)} (we caU them a-pieces) and 

their presentations with use of some operation of local saturation. This direction can be considered 
as a generalization of the notion of canonical partitions introduced by Becker in [2]. Following 
this way we are able to supplement Hjorth's work with a couple of new statements concerning the 
sets Ba{x,U,V). In particular in Theorem [T2l we present a canonical form for Ba{x,U,V). This 
immediately implies that the sets Ba{x,U,V) are Borel and moreover this describes their Borel 
complexity. 

The original motivation for this result is connected with the problems of coding of G-orbits in 
admissible sets. In order to extend the results of [7] and [6] to the general case of Polish G-spaces, 
Theorem 1121 looks very helpful. This stuff will be considered in a separate paper. 

In this paper we first concentrate on refinnig topologies by extending the initial basis by families of 
sets of the form Bf}{x, U, V). Applying Theorem ll2l we show that the original topology enriched upon 
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some natural families of these sets generates on X finer topologies endowed with the same Borel 
structure as the initial one so that each Ba{x, X,G) with the corresponding subspace topology 
becomes a Polish G-space. This generalizes a similar theorem proved by Hjorth in ^ in the case 
when a is 7*(x), the generalized Scott rank of x. 

We then study when the maps G — > Gx defined by 5 — )■ are open (for all x e X) with respect to 
appropriate topologies mentioned above. We prove that this property is equivalent to the property 
that the generalized Scott analysis applied to the orbit equivalence relation leads to a complete 
system of invariants. Moreover we can restate this as a very simple condition which we call eventual 
openness of the action (this is the content of Theorem [33]) . 

It is worth noting that it is proved in [4 that orbit equivalence relations equipped with a complete 
system of generalized Scott invariants are classifiable by countable models, i.e. they are Borel 
reducible to the isomorphism relation on the space Mod{£) of all countable structures of some 
countable language C. 

The operation of local saturation and its basic properties are presented in Section 1. Section 2 
is devoted to our approach to the generalized Hjorth-Scott analysis. Eventually open actions are 
studied in Section 3. Along with the local counterpart of saturation we apply there a local version 
of Vaught transforms. This may be interesting in itself. 

1. Preliminaries 

In the first part of this section we recall standard notation and facts concerning Polish group 
actions. In the second one we define local saturation - a new operation arising in this context. This 
operation is of particular importance for this paper. 

1.1. Notation. A Polish space (group) is a separable, completely metrizable topological space 
(group). If a Polish group G continuously acts on a Polish space X, then we say that X is a 
Polish G-space. We say that a subset of X is invariant if it is G-invariant. All basic facts concerning 
Polish G-spaces can be found in [3], [4] and [5]. 

Let G be a Polish group, Af he a, countable basis of G and Go ~ {gi i ^ 1^} be a countable dense 
subgroup of G. Let V C J\f, V = {Vm ■ m e cj}, be a countable basis of open neighborhoods of the 
unity of G. We shall assume that V — V^^ and G V, whenever V € V and g E Gq. Besides V 
we shall use the symbol V to denote the set of all (not only basic) symmetric neighourhoods of the 
unity 1g. 

Let {X, t) be a Polish G-space and U — {Un : n G be a countable basis of X . We assume that 
for every U <eU and g E Gq we have gll G U. 

Since we shall use Vaught transforms, recall the corresponding definitions. The Vaught *- 
transform of a set S C X with respect to an open H C G is the set B*^ — {x E X : {g E H : gx E B} 
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is comeager in iJ}, the Vaught A-transform of B is the set B'^^ = {x E X : {g E H : gx ^ B} 
is not meager in H}. It is known that for any x E X and g E G, gx E B*^ <^ x G B*^^ and 
gx e B^" ^xE B^"9. 

It is worth noting that for any open B <Z X and any open K < G we have B^^ ^ KB, where 
KB — {gx : g E K,x E B}. Indeed, by continuity of the action for any a; e KB and g E K 
with gx G B there are open neighbourhoods Ki C K and Bi C KB of g and x respectively so 
that KiBi C B; thus x G B-^^ . Mor cover for every countable ordinal a if -B £ 'E^{X), then 
^AH g 2° (X) and if S e W^iX), then B*" e Ul{X). 

Other basic properties of Vaught transforms can be found in jS, and [5] . 

1.2. Local saturation. When G admits a basis of open subgroups at its unity Iq, then every Polish 
G-space admits a basis consisting of the sets which are invariant with respect to some open basic 
subgroup of G. Since such a G is isomorphic to a closed permutation group (see [5] for details), 
we may easily generalize Scott method described in 6.1 of 4. to analyse orbit equivalence relations 
arising in these situations. 

To handle with difficulties of the general case we introduce a local variant of the operation of 
saturation which generalizes the concept of a local orbit introduced in [4] . 

Definition 1. Let U 'Z X be operQ and V gV . For every A <Z X we define inductively an increasing 
sequence {V^f^ A)n£uj of subsets of X as follows: 

\ i4"+^U = F(i4"U)nc/. 

The set VjjA — IJ vjf^ A is called the local Vu -saturation of A. For every x E X we shall write 
Vux instead of Vu{x} and call this set the local Vjj -orbit of x. 

We see that VuA is contained in U and contains A n C/. It is nonempty if and only if A n t/ 7^ 0, 
in particular Vux ^ if and only if a; G [/. VuA is a union of all local Vfy-orbits of elements of A. 

There is a natural correspondence between local orbits and suitably defined subsets of G (which 
already appeared in [3]). Let us introduce the corresponding definition and formulate basic facts. 

Definition 2. Let U <^ X be open, A Q U and V G V . For every x G U we define an increasing 
sequence of subsets of G as follows. 

(F)^(O) = {1g}, 

{VTuin + 1) = {gh :ghx€U,he (F)^(n),.9 G V}. 



Actually we do not need to demand that U is open, the definition makes sense for any U. 
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Then we put {V)^ = IJ {V)^{n). 

Ifxf^U, lue put {V)l = 0. 

Finally we define (V)^ — C\{(^)u '■ x lE A}. 

By this definition we see that Vux = {V)^x. The following simple lemma collects the very basic 
properties of introduced sets. 

Lemma 3. Let U C X be open, V and x e X . Then 

(1) {Vfij{n + l) = {gh:he{Vfui^)^9^{V)'u{n)}, for every neuj. 

(2) Ifn,k >0 andhe {V)lj{k), then C + and {V)'^{n)h-^ C (V}'l^{n + k). 
Consequently, {y)^h = {V)"^- 

(3) For every h £ {Vf^{l), n e oj, f E there are open C U , Wh Q (1^)^(1) and 
Wf C {Vy^'^in) such that x e U^, h £ Wt, f € Wf and f'h' £ {V)l{n + 1), for every y € U^, 
h' e Wh and f £ Wf. 

Consequently {V)^{n),n £ lu, and {V)^ are open. 

Proof. (1), (2) are easy consequences of the definition, then (3) follows by induction from conti- 
nuity of the action. □ 

Remark. If x G C/, then the equality {V)'^h = (V^)^ is not true unless h G (V")^. Applying 
point (2) of the lemma above we can easily check that for any h, h' e G, the sets {V)^h, {V)^^h' 
are either equal or disjoint. Thus the family {{V)'lfh : h £ G,hx E U} is a. partition of the set 
{h £ G : hx £ U} into open sets ^ 

By classical results orbits of elements under continuous (Borel) actions are Borel sets. If we 
slightly modify the proof, we see that this remains true for local orbits. 

Corollary 4. Every local orbit under a continuous action is a Borel set. 

Proof Let U C X be open, V £ V and x £ X. Put W = {g £ G : gx £ Vux}. We have 
Wx = Vijx and W = {V)^Gx, where Gx is the stabilizer of x. By Lemma [31^3) we see that W is 
an open subset of G. Let be a Borel transversal of G/Gx. Then W DTx is also Borel and the 
function g gx is a. bijcction from W DTx onto Vjjx. Hence the latter has to be Borel. □ 

The other simple properties of the operation of local saturation are collected below. 



'In this form, i.e. as classes of the appropriate equivalence relation, the sets we are discussing appear in [2]. 
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Lemma 5. Let U,U' C X be open and V,V' £ V. For every A,B,Ai,A2,... C X , x,y £ U and 
f £ G the following statements hold. 

(1) If AC B, U' CU and V CV then V'u'A C VuB. 

(2) Vu{[jAn)^[jVuAn. 

n n 

(3) VuiVuA) = VuA. 

(4) Vjjx — Vjjy if and only if x £ Vuy- 

(5) Ifx£U' and V C V, then Vux = Ur\ \j{{gV' n V'g)x n gU' : g £ Go n (V)^}. 

(6) f{VuA) = {Vf)fu{fA). 

Proof. (1) and (2) are immediate. 

(3) By (1), (2) we have Vu{VuA) = Vu{\JvIj'^A) = [jVuivlP^A). Let n £ u be arbitrary. It 

n n 

follows from the definition that VuiV^^A) = [J V^^A. Since the family {V^j^^ A}neuj is increasing, 
we see that VjjA — [J V^^A which completes the proof. 

i>n 

(4) (^) is obvious. 

(<;=) immediately follows by Lemma [3l[2). 

(5) To prove C consider an arbitrary h £ {V)^. By Lemma we can find an open set 
W C {V}^ such that h £ W and Wx C U. We may additionaly demand that W~^W C V' (since 
V is symmetric, then also WW~^ C V'), W'^Wx C [/' and WW^^x C U' . Then for an arbitrary 
g £ Go CiW we have h £ gV n V'g and hx £ gU' . 

For the converse inclusion observe that V'gx nU £ Vux whenever gx £ Vjjx. 

(6) follows from the fact that for every n £ w we have f{vlj'^A) — (V"^)y"jjf (/A). The latter can 
be obtained by an easy inductive argument. □ 



The new concept of saturation entails a new concept of invariantness - local invariantness. 

Definition 6. Let U C X be open, V £ V and A C X. We say that A is locally Vu -invariant if 
VuA ^ Ar\U. 

Remark. It follows that A is locally Vjy-invariant if and only if Vux C A, for every x £ A. 
Observe also that A is locally V[/-invariant whenever V{A n L/) fl [/ = Af\U . Indeed, the equality 
V{A f]U) C\U ~ AC\U implies by induction that for every n £ uj we have V^"'A — AC\U and thus 
VuA = ArMJ. On the other hand we have AfMJ C V{A r\U)rMJ C VuA. Thus the equality 
VuA ^ Ar\U implies that V{A C\U) r^U ^ Ar\U . 

Obviously every A such that AD[/or[/nA = is locally V[/-invariant. Moreover it can be 
justified by easy straightforward arguments that the family of all locally Viy-invariant subsets of X 
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forms a complete Boolean algebra. By Lemma [5] we see that for every A, VjjA is a Vfj-invariant set 
containing AnU. If ^ is open then VjjA is open by Definition [T] 

2. Sets arising in Polish group actions 

This section can be considered both as systematization and some improvement of the material 
contained in Section 6.2 of 4 . It is divided into two subsections. In the first one we modify the 
generalized Scott analysis developed by Hjorth. The basic tool of Hjorth's work are hereditarily 
countable structures (fiaix, t/„, Vn) corresponding to Scott characteristics. We suggest slightly differ- 
ent approach and concentrate on associated sets Ba{x, U,V) = {y E X : (f>a{y, U, V) — (paix, U, V)}. 
We characterize the sets Ba{x, U, V) with use of the operation of local saturation and study them 
slightly further in order to present this material in a complete form. 

This direction can be considered as a generalization of the notion of canonical partitions (see 
[2]). Following this way we are able to supplement Hjorth's work with a couple of new statements 
concerning the sets Ba{x,U,V). The main result of this part is Theorem [T2l which makes possible 
to express the sets Ba{x,U,V) in a canonical form. This possiblity is of fundamental importance 
for our study. In particular it enables us to prove that the sets Ba{x, [/, V) are Borel and describe 
their Borel complexity. 

The second subsection is devoted to refinnig topologies by extending the initial basis by families 
of /3-pieces, (3 < a. Applying Theorem 1121 we show that the original basis enriched upon the family 
{Bp{x' , Un, Vrn) '■ x' S Vijx fl C/„, n,m € uj, /3 < a} generates on X a finer topology endowed with 
the same Borel structure as the initial one so that Ba{x, X,G) with the corresponding subspace 
topology becomes a Polish G-space. It is worth noting that a similar theorem is proved by Hjorth in 
[4] in the case when a is 7* (a;), the generalized Scott rank of x. Thus our theorem can be considered 
as a generalization of it. 

2.1. Borel partitions. As we have already mentioned a-invariants (pa{x, U, V) were introduced by 
Hjorth as a counterpart of a-invariants studied by Scott. From now on we fix a countable basis 
U ^ {Un ■ n E to} of X and a countable basis V — {Vn ■ n £ ui} of open symmetric neighbourhoods 
of 1g- 

Definition 7. (Hjorth) For every U G U, x € U and V € V we define a set ipa{x,U,V) by 
simultaneous induction on the ordinal a: 

M^,U,V) ^{l: Uiell,VuxnUi^9}, 

(j3a+iix,U,V) = {{(l)c{x',Un,Vm),n,m) : x' e Vux,Un C U,V,n C V], 
(pxix, U, V) ~ {{(/)a{x, U, V), a) : a < X} for A limit . 
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Every (/)q(x, U, V), 1 < a < cji, defines the set Ba{x, U,V) ~ {y e U : (f>aiy, U, V) — (l)a{x, U, V)}. 
We call the sets of this form a-pieces. Additionally we treat every basic open U as a 0-piece. In the 
lemma below we put together the properties of a-pieces that can be found in [4] . 

Lemma 8. (Hjort) Let VeV,U€1U,xeU and a be an ordinal, a > 0. Then the following 
statements are true. 

(1) Ba{x, U, V) is locally Vu -invariant, Vijx C Ba{x, U,V) C U 
and Ba{x, U, V) = Ba{z, U, V) for every z G Ba{x, U, V). 

(2) For any z G [/ the sets Ba{x, U, V), Ba{z, U, V) are either equal or disjoint. 

(3) IfxeUn<= U, V„, CV and 13 <a, then B^{x, J7„, Ki) C Bp{x, U, V). 

(4) hBa{x, U, V) = Ba{hx, hU, V^), for all h e Gq. 

Remark. While discussing a-pieces we may omit conditions Un Q U and Vn Q V in the formula 
defining (j)a+i{x, U, V) and let [/„, Vn vary over all elements oiU and V respectively. This is because 
the set Ba+i{x, U, V) coincides with the set 

|j/ : {{4)a{y' ,Un,Vm),ri,m) : y' G Vc/y n = ?7„, Kn), n, m) : x' G VuxCMJn}^. 

To see this note that the latter set is obviously included in Ba+i{x, U, V). 

To get the converse inclusion we proceed as follows. Consider any y which belongs to Ba+i {x, U, V) 
and any triple (x',C/„, Vm) with x' G Vux H Un- Take any Ui C Un U containing x' and any 
Vj C Vm n V. According to the assumption on y we may find y' G Vuy such that cfiaix' , Ui, Vj) ~ 
ipaiy' ,Ui,Vj), i.e. y' G Ba{x' ,Ui,Vj). By Lemma[5I^3) the latter implies y' G Ba{x' ,Un,Vm), i.e. 
4>aix', Un, Vm) = 0q(2/', Un, Vm) ■ This proves that the set {{4>a{x' , Un, Vn),ri, m) : x' G VuxC\Un} is 
contained in the set {((f>a{y' , Un, Vm), n, m) : y' G Vuy H J7„}. The symmetric argument shows that 

{{(l>a{y' ,Un,Vm),n,m) : y' G VuyHUn} C {{(j)a{x' ,Un,Vm),n,m) : x' G VuxHUn}. 

By Proposition 2.C.2 of the paper of Becker [2] there exists a unique partition oi X, X — [J{Yt : 
t ^ T}, into invariant Gs sets Yt such that every G-orbit of Yj is dense in Yj. To construct this 
partition we define for any f G 2^ the set 

Yt = {f]{GA, : t{j) = 1}) n (fl{^ \ GA, : t{j) = 0}) 

and take T ^ {t e 2^ : Yt ^ 0}. 

Observe that the family {Bi{x, X,G) : x G X} is just the canonical partition defined by Becker. 
Moreover for every ordinal < a < cji the family {Ba{x, X,G) : x G X} is a partition of X 
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approximating the original orbit partition. Below we will see that every such a partition also can be 
obtained in a canonical way mimicking the construction of the canonical partition. 

Proposition 9. For every U ^U, x and V the following equalities hold: 

Biix, U, V) = f]{VuUn : Vux n i7„ ^ 0} n f]{X \ VuUn : Vux n C/„ = 0}, 

n n 

B^+iix,U,V) = r\{VuBa{y,Un,V^) -.y eUn,VuxnBa,{y,Un,V^)^(l)}n 

n n \ VuB^iy, Un, Vm):ye Un, Vux n Ba(y, C/„, K„) = 0}, 

11, m 

Bx{x, U, V) = r\{Baix, U,V) -.aK A}, for A limit . 



Proof The first and the last equalities are obvious. We have to prove the second one. 

(C) Take any z e Ba+i{x, U, V) and a triple (y, V„i) such that y e Un- 

UVuxr]Ba{y,Un,Vm) ^ 0, then for some x' G we have e Ba{y,Un,Vm), ^-S- 4'a{x' ,Un,Vm) = 
4>a{y, Un, Vm). By the assumption on z there is z' G Vuz such that (j)a{z' , Un, Vm) = 4>a{y,Un, Vm), 
i.e. z' e Ba{y, Un, Vm). Hence by the properties of local saturation z e V{jBa{y, Un, Vm)- 

On the other hand ifVuxCiBaiy, Un, Vm) = 0, then for every x' G Vux we have x' ^ Ba{y,Un,Vm), 
i.e. (f>aix',Un,Vm) (f)aiy,Un,Vm)- This implies {cj)a{y,Un,Vm),n,m) (j)a+i{x,U,V). Suppose to- 
wards contradiction that z G VuBa{y, Un, Vm)- Then there is z' e Vjjz such that z' e Ba{y, Un, Vm), 
i.e. (j)a{z' ,Un,Vm) = (j)a{v,Un,Vm)- Hcncc wc get 

{(j>a{y,Un,Vm),n,m) G tpa + liz , U,V) - 

Therefore we see that 4>a+i{z, U, V) ^ (j)a+i{x, U, V), thus z ^ B^+iix, U, V)- This contradicts our 
assumptions. 

(D) Suppose that z ^ Ba+i{x, U, V)- Then there is a pair (n, m) such that 

{Mx',Un,Vm) ■- X' e VuXnUn} ^ {Mz',Un,Vm) ■ z' € Vu Z H Un} - 

Therefore one of the following cases holds: 

1° There is x' e Vux such that Vuz n Ba{x' , Un, Vm) = 0; 

2° There is z' e Vuz such that Vux n Ba{z' , Un, Vm) = 0- 
Either case implies 

Z ^ r\{VuBo.(y, Un, Vm) ■-yeUn^U,Vm^V, VuX H B^{y, Un, Vm) + 0} 

n \ VvB^{y, Un, Vm)--ye Un CU,Vm^ V, VuX n B^iy, Un, Vm) = 0}. □ 



From now on we shall use Proposition [9] as a definition of an a-piece. 
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Remark. Putting Proposition |9] together with Lemma [8] we obtain the foUowing expression 

B^{x,U,V) = 

[I {VuBpiy, Un, Vm): ye t/„, Vux n Bp{y, [/„, V„,) ^ 0}n 
{X \ VuBpiy, V„,) : y G f/„, Vux n B^{y, C/„, V^) = 0}. 

Hence we may formulate the following assertion. 

Corollary 10. Let x,y E U. Then Ba{x,U,V) = Ba{y,U,V) if and only if the local orbits Vux 
and Vuy intersect exactly the same (i-pieces, for every Q < (3 < a. 

In the next lemma we formulate another important property of a-pieces: every element of 
VuBa(x,Un,Vm) Can be surrounded by some a-piece entirely contained in VuBa{x,UmVm)- This 
property will be frequently applied in the rest of the paper. 

Lemma 11. Let V G V , U G U and x G C/„ H U. Then for every m G uj, ordinal a > and 
y G VuBa{x,Un,V„i) there are Ui C [/„ and h E Go such that h G {V)^'' (i.e. h G {V)\j for every 
t G U,), y G hU, and B^{y, hU„ C VuB^{x, C/„, Vm). 

Proof. If 2; G VuBa{x,Un,Vm), then the local orbit Vjjy intersects Ba{x,Un,Vm). Thus the 
intersection (V)^ Ci {g E G : gy E Ba{x, Un,Vm)} is nonempty. By LemmaEIS) we see that (V^)^ is 
open. The set {g E G : gy E Ba{x, Un, Vm)} is open either. Indeed if gy E Ba{x, Un, V„i), then by 
Lemma [8] the local orbit {Vm)u„gy is entirely contained in Ba{x,UmVm) and so {YmYij g Q {g & 
G : gy E Ba{x, Un,Vm)}. Thus we are done since the set {Vm)ij^g is open by Lemma[3U3). 

To sum up {V)^ n {g E G : gy E Ba{x, [/„, Vm)} is a nonempty open set. Therefore it contains 
an element of Gq, i.e. we can find g E Gq C] {V)fj such that gy E Ba{x, C/„, Vm). Put y' = gy and 
h = g^^. We have h E Gq and hy' = y. By Lemma[3l2) we see that h E {V)ij . According to Lemma 
[3^3) there is a basic open Ui C C/„ containing y' such that h E {V)^\ Since Ba{y', Ui, Vm) ^ Ui and 

Ba{y', Ui, Vm) C Baiy', Un, Vm) = Ba{x, Un, Vm), tllCU 

Baihy',hU^,iVmy') = hB^{y',U„Vm) C VuBo,{x,Un,Vm). 

□ 

Now we are ready to formulate the main result of this part. Despite its technical character this 
theorem shed a new light on the nature of a-pieces. In particular it enables us to prove that a-pieces 
are Borel sets. 
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Theorem 12. Let U ^ hi , V ^ V and x ^ U . Then for every ordinal a > the following equality 
is true 

Ba+iix,U,V) = 

n iUlBcigx, hU,, (Vm)'') -.U.CUn^heGon e Go n e hU,}) 

n.m 

n n {{x\Un)u\J{Bc.{gx,Un,Vm):geGon{V)lj,gxeUn}). 



Proof We will apply Proposition^] Consider arbitrary f/„, and y & Un such that Ba{y, Un, 
Vijx ^ 0. The set VijBa{y, Un, V,n) can be presented as a union of a-pieces in the way described in 
Lemma fTT] If we throw aside the elements that can be surrounded by some a-piece disjoint from Vjjx, 
then we may limit ourselves to a-pieces containing elements of the form gx, where g G Go H {V)^. 
As a result wc obtain the following formula. 

VuBo^iy, [/„, K„) n n{(^ \ VuB^iz, [/„ V,)) : Vux n B^{z, [/„ V,) = 0} 

\J{Baigx,hU^, (Vrn f) : U^ C Un, k e Gq H {V)'^\ g G Go H {V)^u^9x e hU^}n 
f]{{X \ VuB^iz, U„ V,)) : Vux n U„ V,) = 0}. 

Next consider the intersection 

fl {X \ VuB^iy, Un, Vn,) : y € [/„, Vux n B^iy, Un, V™) = 0}. 

By Lemma [11] it is a complement of a union 

\J{B^{y, Un, V„,) -.yeUn, Vux n B^{y, Un, Kn) = 0} 

To complete the proof observe that by Lemma[8l[2) for any n, m and y £ Un the following equivalence 
is true: 

Ba{y, Un, Vm) n Vux = if and only if 
Ba{y, Un, Vn) C C/„ \ \J{B^{gx, Un, V„,) : g £ Gq Ci {V)l,gx G C/„}. 

□ 

Involving Theorem [12] in an inductive argument we can prove the following statement. 
Corollary 13. Let x,y £ X , V €V , U £U , a > 1 he an ordinal and 

p{a) = 

Then we have Ba{x, U, V) G W^^^^(X). 



In if a — n, where n < u 

/3 + 2n if a = 13 + n, where n < u) and (3 is limit. 
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Finally it follows from Lemma Hl^ 2) and Theorem [12] that for every ordinal a > 1 the family of 
{Ba{x,X,G) : X e X} forms a partition of the space X into invariant Borel sets which Borel rank 
is bounded by a countable ordinal. 

Corollary 14. For every V G V and U E U the family {Ba{x, U,V) : x E U} is a partition of U 
into locally Vjj -invariant H^^^^-sets. In particular the family {Ba{x, X,G) : x G X} is a partition of 
the whole space X into G-invariant Il'^^^^ysets. 

In the end of this section we shall prove another property of a-pieces. Lemma |S1[4) states that for 
any a-piece Ba{x, U, V) and any h S Go, the set hBa{x, U, V) is an a-piece defined with respect to 
basic open hU, V'\ Since a-pieces are defined only with respect to basic open U, V, the above is not 
true in the general case of any h E G. Instead we can prove a related property which can be viewed 
as a generalization of Lemma |Sl^3). 

Lemma 15. Let a > be an ordinal, U, U' G U, V,V' <E V, x e U and h e G. If hx E U' ^ hU 
and V C , then for every ordinal /3 < a we have 

Ba{hx,U',V') ChBp{x,U,V). 

Proof. First observe that according to Lemma [5^3) we have to consider only the case a — f3. We 
proceed by induction on a applying Proposition [5] 

Assume a — 1. Suppose towards contradiction that Bi{hx, U', V) % hBi{x, U, V). Then there is 
y G Bi{hx, U' , V) which does not belong to hBi{x, U, V). Hence by the assumption that U' C hU 
we have h^^y G U and h^^y ^ Bi{x, U, V). So according to Lemma[5{2) we see that Bi(x, U, V) D 
Bi{h~^y, U, V) = 0. Then there is a basic open set C/„ meeting one of the local orbits Vi/x, V{j{h^^y) 
and disjoint from the other. W.l.o.g. we may assume that Vux nUn^$ while Vu{h-^y) n C/„ = 0. 
This implies Vux C VuUn and Vu{h^^y) n VuUn — 0- Using Lemma [5l^6) we get {V'^)huhx C 
{V'^)huhUn while {V^)huyr\{V^)huhUn = 0. Then by Lemma[5i;i) we have {V')u'hx C {V'')huhUn 
and {V')u'y^{V^)huhUn = 0. Since according to Lemma[3j3) the set {V^)huhUn is open, the latter 
conditions imply that it contains a basic open set meeting (V')u'hx and disjoint from {V')u'y- This 
contradicts the assumption that y G Bi{x, U' , V). 

For the successor step assume that for every n,m,k,l G uj and h E G satisfying the con- 
ditions hx G Un C hUk and Vm Q V/^ we have Ba{hx,Un,Vm) C hBa{x,Uk,Vi). Suppose 
towards contradiction that Ba+i{hx,U' ,V') 2 hBa+i{x,U,V). There is y E Ba+i{hx,U' ,V') 
such that y ^ hBa+i{x,U,V). Then h^^y ^ Ba+i{x,U,V) and so Ba+i{x,U,V) is disjoint 
from Ba+i{h^^y,U,V). By Proposition [9] there is an a-piece Ba{z,Uk,Vi) meeting exactly one 
of the local orbits Vjjx and Vu{h~^y). W.l.o.g. assume that Ba{z,Uk,Vi) meets Vjjx. We have 
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Vux C VuBaiz, f/fc, Vi) and Vuih-^y)nVuBaiz, Uk, Vi) = 0. Since x G VuBa{z, Uk, Vi), then accord- 
ing to Lemma [TT] there are i,j & uj such that Ba{x, Ui, Vj) C VuBa{z, Uk, Vi). Hence Ba{x, Ui, Vj) 
is disjoint from Vu{h~^y) either, and so we may assume that x — z, i — k and j — I. 

Now take some Un,Vm so that hx G Un ^ hUk and Vm Q V/^. We claim that the local or- 
bit {V')u'y is disjoint from Ba{hx,Un,Vm)- Otherwise the local orbit {V^)huy is not disjoint 
from Ba{hx, J7„, Vm) either. By the inductive assumption we have Ba{hx, C/„, Vm) Q hBa(x, Uk, V). 
Hence {V^)huy meets hBa[x, Uk, Vi) which by Lcmma[5j6) implies that Vu{h^^y) meets Ba{x, Uk,Vi) 
This contradiction shows that the claim that {V')u'y Ba{hx, Un, Vm) = is true. 

Hence we can apply Proposition [9] to conclude that y Ba+i{hx,U' ,V'). This contradicts our 
assumption and completes the successor step. The limit step is immediate. □ 

Using the lemma above we can prove the following assertion. It will be applied in the proof of 



Corollary 16. For every U€U,V£V,x€U,h€G and ordinal a > the set hBa{x, U, V) is a 
union of appropriate a-pieces. 

Proof. Take any y G hBa{x,U,V). According to Lemma El^ 2) we may assume that y — hx. 
For some n,m & uj we have hx G C/„ C hU and {Vm) C 1/'*. Then by the lemma above we get 
Bc,{hx, Un,Vm)^ hB^{x, U,V). □ 

The results above starting from Proposition [9] till Theorem [12] and its consequences concerning 
borelness of the sets Ba{x, U, V) is our contribution in study of a-pieces. 

2.2. Finer topologies. Since every piece of the canonical partition is a G^-subset of X , it is a Polish 
space with the topology inhertitcd from the original Polish topology on X. This fact is generalized 
by Hjorth (see [4j) who proved that for every x ^ X the set i?^.(2.)_|_2)(a;, X, G) is a Polish G-space 
with respect to the topology generated by the family {B^i,(^^-^{x' , Un, Vm) ■ x' G GxPl Un, n,m e lu}. 
We improve this result and show that for every ordinal a > every a-piece of the form Ba{x, X, G) 
is a Polish G-space with respect to the topology generated by 'ealier' /3-pieces and this topology 
generates the same Borcl structure as the original topology. Our proof is based on Theorem [T2l and 
the theorem on Borel families by Sami. 

From now on we shall use the following notation for every ordinal /3: 



Theorem [T71 



U, 




{Bp{x',U,V) -.U eU,x' eU r\Gox,V eV} for 13 >0, 

U{^7 ■■ ^ < 
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Theorem 17. Let x E X and < a < wi be an ordinal. The set Ba{x, X,G) with the (relative) 
topology generated by the family as basic open sets is a Polish G-space with the same Borel 
structure as the original topology. 

Additionally for every U eU , V eV with x E U the set Ba{x, U, V) is a Polish space with respect 
to this topology. 

Proof. As we have already mentioned Bi{x,X,G) is a Gs subset of {X,t), thus it is a Pohsh 
space with respect to the (relative) topology generated by U. Therefore below we will deal only with 
a > 1. We shall use the following result by Sami (see [8], Lemma 4.2). 

Let {X, t) be a topological space and < < wi . Let J- be a Borel family of rank Q, 
i.e. a family of subsets of X which can be decomposed into subfamilies of two types 
J- — [_}{P^ : < ^ < C} U U{'5'c : < ^ < (^} satisfying the following conditions: 



3. every element of is a union of a countable subfamily of y_}{P^ : < rj < 



Lf {X, t) is a Polish space then the topology generated by a family of intersections 
of finite subsets of the union tU J- is also Polish. 

We start with some preliminary work. For every < ^ < we define the sets and P^. First 
we put: 



5*0 = {VuA : A,U eU,V eV}, 
Po^{X\D: DeSo}, 

51 = Pq, 

Pi = {X\D: DeSij^So, 

52 = {{\J{X \ VuA : AeU, x' e VuA}) : U eU, V eV,x' e Gqx} 

U {{V}{VuA : AeU, x' VuA}) : [/ e V eV,x' Gqx}, 
P2 = {X\D: De S2}. 



L Sq consists of open sets, 

2. P^^{X\A: A(E S^}, /or < e < C, 



/or < ^ < C. 



Observe that U{('S'i U Pi) : < i < 2} is a Borel family of rank 3, where 




P2 = Bf. 
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We proceed similarly at each successor stage. Every successor ordinal has one of the forms: ^ + 2n+ 1 
or ^ + 2n + 2, where n is a natural number and ^ = or ^ is a limit ordinal. We define: 

S^+2n+i = {[\J{B^+n{9x',hU,, (T/™)") : C Un, heGon {V)'^\g e Go n (F)^', 

gx' e hUi}^ : n,m e u},U el(,V eV,x' 
U { ((X \ [/„) U [j{B^+nigx', Un, Vra) : 5 G Gq H (1/)^' , gx' e Un}) : 

n,m G uj,U eU,V eV,x' e Goxj, 

Pi+2n+l = {X \D : D e S^+2n+l}, 

S^+2n+2 = {{X\B):BeBI+„+,}, 
Finally, for every limit ^ < cji we put 



P^+2n+2 - ^|+„+l- 



S^ = {X\B: BeB^}, 

We claim that for every 1 < C < '^i the family U P^) : ^ < C} is a Borel family of rank (. It 

is clear that such a family satisfies conditions 1-2 of the Sami's theorem. We have to check that it 
also satisfies condition 3. We apply an inductive argument. It is obvious for C = 1, 2. The case of a 
limit C immediately follows from the inductive assumption. 

For the successor step take an arbitrary C <i 1 and suppose that the family 1J{(5'^ U P^) : < 
^ < C} satisfies condition 3. We have to check that the family 1J{(5^ U P^) : < ^ < C + 1} also 
satisfies condition 3. Since 

U{(^«UFe):0<e<C + l} = U{(^«UP^):0<e<C} U 5cUPc, 

it sufiices to prove that every element from Sq is a union of elements of the set 1J{P5 : < ^ < C}- 
Consider two cases. 

1° C is a successor ordinal. Then there are unique ordinals 7 and n such that n is a natural 
number, 7 equals or is a limit ordinal and ^ has one of the following form: 7 + 2n + 1 or 7 + 27T, + 2. 
In the first case the desired property follows by the definition. For the second case consider any 
element D ^ X \ By+n+i{x' , U, V) from Sj+2n+2- Applying Theorem [T^ we have 

\J{X\ \J{B^{gx', hU,, (V^Y') : (7, C [/„, /i e Go n {V)'^\g G Go n {Vfu^gx' e hU,}) 
U U \ ((^ \ Un) U \J{Bc.igx', U„, K„) : e Go n {Vfu^gx' £ Un})] 



Hence we see that Z? is a union of elements from P^ 



7+2n+l- 
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2° C is limit. Then by Proposition [9] we have 
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Sc^{X\B: B e B?} - { U \ B^igx, U,V)) : g e Gn,U eU,V £ V}. 



To show that every element of is a union of elements from [J{P^ : ^ < C} we shall use the 
following property. 

Claim 1. If 1^ equals or is a limit ordinal and n is a natural number then B^_^j^ C S'^+2n+i. 
Proof of Claim 1. Consider an arbitrary element B^^nix' ,U,V) from B^^^. If we subsitute 
Un ~ U and Vm = V in the first formula defining elements of S^+2n+i, then we get the set 



The condition {*) U,, C U A h e Gq D (V)^' A .g G Go n A gx' G hUi and Lemma[S](l)-(3) 

imply that D C B^+n{x' ,U,V). On the other hand since h ^ g = Iq and Ui — U also satisfy 
condition (*), thus we get D 3 _B^_|_„(a;', U, V). 

Applying this property and the assumption that C, is limit we see that B^^- C [j S^. Hence 



{X \B : Be B^^} C y P^. Therefore every element of 5^ is a countable union of elements of the 



set U P^. 

€<C 

This completes Case 2°. 

Now let 7 and k be the unique ordinals such that a = 7 + fc, fc is a natural number and 7 equals 
or is a limit ordinal. Define 



Put = [J{Pi U Sc : < ^ < a}. We have proved that Jq, is a Borel family of rank a and 
U C J^Q. Hence it is a subbase of the Polish topology finer then the initial topology generated 
by U. Since B^^ C J^^, then Ba{x, X,G) is a Gs set with respect to this topology. Thus every 
Ba{x, X,G) is also a Polish space with the inherited topology. We now show that the family 
{Ba{x, X,G) n B : Be B'^l^} is a basis of the topology. So we have to prove that every set of the 
form Ba{x, X,G) D D, where D G Ta is a union of elements from {B^ix^X^G) D B : Be B^^}. 
This is an immediate consequence of the following claim. 



D = \J{B^+nigx\hU,, (1/)'') -.U.CU hEGon {V)^\g G Gq n {V)'^,gx' E hU,}). 
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Claim 2. Let ^ < /3 < a. Then for every x' S Gox, U £ U, V £ V and n,m & oj the sets below 
are unions of elements from the family {Ba{x, X,G) Ci B : B & B^}: 

B^ix.X, G)nBc{x',Un,Vr„), 

B^ix,X,G) \ {\J{B^+n{gx',hU,, : 

U, c u„, heGon {V)^\g e Go n {V)^,gx' e hU,}), 

B^x, X, G) n ([/„ \ \j{Bc{hx', Un, V^): heGon (V^)^'}). 

Proof of Claim 2. Take any y G Ba{x, X, G) Bq{x' , Un, Vm). By Lemmalljl), (3) we see that 
Ba{x,X,G) nBfj{y,Un,V,n) ^ Ba{x,X,G) Ci B^{x' ,Un,Vra). Since y G Ba{x,X,G), then we may 
apply Corollary [TU] to find some x" e Gqx such that Bp{x" , Un, Vm) = Bp{y, Un, Vm)- 

To settle the second part of this claim consider any y £ Ba{x, X, G) which does not belong to the 
union 

\J{B^+n{gx',hU,, (Vm)'') ■■ U, C Un, h e Gq H {V)'/,\ g £ Go n (F};>',gx' e hU,}. 
Applying the argument from the proof of Theorem [12] we see that 

yeBa,ix,X,G)\VuB^{x',Un,Vm) ■ 

By Lemma [SfS) and Proposition [HI we have Bp{y,U,V) C X \ VuB(^{x' ,Un,Vm)- We now find 
x" e Goa; such that Bp{x", Un, Vm) ~ Bp{y, Un, Vn) and finish the proof. 
Similarly we prove the last part of the claim. 

We now see that {Ba{x, X,G)r\B : Be B^^} generates on Ba{x, X, G) the (relative) topology 
defined by Ta- Since every a-piece Ba{x,U,V) is a Gs subset of Ba{x,X,G) we see that the 
additional statement of this theorem is true either. 

Now it suffices to show that the action a : G x Ba{x,X,G) — > Ba{x, X,G) is continuous with 
respect to each coordinate. Take an arbitrary basic open set B = Bp{x' , U, V) D Ba{x, X, G), where 
(5<a, UeU,VeV and x' G Gqx D U. To prove continuity with respect to the first coordinate 
fix some y e Ba{x, X, G) and consider the set {h e G : hy e B}. If h is an element of this set, i.e. 
hy E B, then according to Lemma |8l[l) Vuhy C B. Hence {V)'^h is an open neighbourhood of h 
contained in {h e G : hy E B}. 

To prove continuity with respect to the second coordinate fix some h E G and consider the set 



{y e Ba{x,X,G) ■.hyeB} = h'^ Bp{x' ,U,V) r\ Ba{x,X,G). 
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By Corollary [16] the set h^^Bi3{x' , U, V) is a union of /3-pieces. Hence h~^Bi3{x', U, V)riBa{x, X, G) 
is a union of /3-pieces meeting Vijx, thus it is open with respect to t^. This proves continuity with 
respect to the second coordinate. □ 

From now on let denote the Polish topology on Ba{x, X,G) described above. Observe that in 
the case when a is a successor ordinal and a — /3 + 1, the topology is also (relatively) generated 
by a smaller basis, namely B^. It follows directly from Claim 2. 

Since is finer then the original (relative) topology on Ba{x,X,G) all operations and sets 
introduced so far can be considered with respect to t^. We shall use the superscript to stress that 
a given object is constructed in the G-space Ba{x, X,G) with respect to the topology t^. Let us 
illustrate this idea. 

Example. Take arbitrary x E X and an ordinal a > 0. Consider Ba{x, X, G) as a G-space with 
respect to the topology Fix some enumeration : n G w} of its basis — {Ba{x, X,G)r\B : 
B e 8%^^}. Then for every 13 > 0, D e and V e V, we define the /3-piece B*'p{y,D,V) with 
respect to using the scheme from Proposition 1^] in the following way: 

Bf" (z, D, V) = ^{VoDn : Vdz H A. 7^ 0} n f]{Bc.{x, X, G) \ VoDn : Vdz H A. = 0}, 

n n 

Bf_^^{z,D,V) = r\{VDBf{y,Dn,Vm):yeDr„VDznBf{y,D.r,,V,n)^fI>}n 

n n {Bcix, X, G) \ VoBf {y, D„, Kn) : y G D„, Vdz D Bf {y, i^„, V^) = 0}, 
(z, D, V) = C\{Bf {z, D,V):(3< A}, for A limit . 

There is a natural relationship between a-pieces constructed with respect to the subsequent 
topologies. 

Proposition 18. Let V £ V, U G U, x € X and x' G Gx U. Let 7, a be ordinals such that 
1 < 7 < a < wi . Then for every y G Ba{x, X, G) H B^{x' , U, V) and /3 < loi the following equality 
holds. 

j Bf^,iy,B^{x,X,G)nB^ix',U,V),V) if p is finite 
[ Bp^ (y, Ba{x, X, G) n B^{x', U, V),V) if (3 is infinite. 

Proof. We shall give only a sketch of the proof. 

By LemmaEi;!), (3) we see that Ba+fs{y, U, V) C Ba{x, X, G) n B.^{x' , U, V). Then by Corollary 
[10] we conclude that the set Ba+p{y,U,V) consists of all elements z G Ba{x, X,G) D B^{x' ,U,V) 
such that the local orbits Vuz and Vuy intersect the same sets from B^a+p- 

On the other hand since Ba{x, X, G)r]B^{x' , U, V) is locally V[/-invariant, then V(^Ba(x,x,G)nB.y{x' ,u,v))Z — 
Vuz whenever z G Ba{x, X, G)nBj{x\ U, V). Applying Corollary[Tn]to the G-space {Ba{x, X, G),t^) 
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we conclude that the set Bp°^-^{y, Ba{x, X, G)riBj{x' , U, V), V) consists of all elements z e Ba{x, X, G)n 
Bj{x' , U, V) such that the local orbits Vijz and Vijy intersect the same sets from Bl?p^^. 

Now the required property follows by induction on /? with use of Lemma|8l^3) both for the original 
topology and □ 

This proposition is not involved into main results of the paper. For completeness we just describe 
some application of it. We start with Hjorth's generalization the notion of a Scott rank. In [4 Hjorth 
proves that to every x ^ X we can assign a cardinal invariant which can be treated as a counterpat 
of a Scott rank. The definition is based on the following lemma. 

Lemma 19. (Hjorth) For every x G X there is some "f < uji such that for all U £ hi , V G V and 
x' , x" e Gx we have 

{3a < oj,){B^{x', U, V) ^ B^{x", U, V)) ^ {B^{x' , U, V) + B^{x", U, V)). 

For every x G X we denote by j^ix) the least ordinal 7 satisfying the statement of Lemma fT9l 
It is proved in [?] that in the case G ~ S^o we have B^i.(^^-^_^2{xi ^1 G) = Gx, for every x E X. It 

remains true for any closed permutation group but fails in the general case of an arbitrary Polish 

group G. Hjorth proves the following weaker statement. 

Theorem 20. (Hjorth) For every x G X , U GlA, V eV and a > 7*(a:) + 2 we have 

B^.^,)+2(x,U,V) ^ B^{x,U,V). 

In particular B^*(^x)+2{x, X,G) — Ba{x,X,G). 

The following assertion is a direct consequence of Proposition [T51 

Corollary 21. For every ordinal 1 < a < ui we have 

B,.(.)+2{x, X, G) = B^{x, X, G),G). 

3. Eventually open actions 

The generalized Scott analysis is an important tool in studying orbit equivalence relations. The 
result of Hjorth from [3] which we mentioned in Introduction can be expressed in terms of a-pieces 
as follows: 

If the system of generalized Scott invariants for a G-space X is complete, i.e. for every 
X G X the piece _B^*(^)+2(2;i G) coincides with Gx, then the orbit equivalence 
relation induced by the G-action is classifiable by countable models. 
In this section we study a property of continuous actions of G on X which, as we will see later, 
is equivalent to the equality _B^*(j,-)^2(2;, G) — Gx for all x G X. 
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Definition 22. We say that the action G on X is eventually open if for every x ^ X and V ^ V 
there are n,m G lu such that x G Un and {Vm)u„x C Vx. 

Observe that every Polish group has an eventually open action, e.g. the action by left multipli- 
cation on itself. Moreover if a Polish group admits a basis of open subgroups at its unity then all 
their continuous actions are eventually open. We now show that the converse is not true. The proof 
of this assertion is based on the idea described in 

Proposition 23. All continuous actions o/R on Polish spaces are eventually open. 

Proof. Le X be a Polish M-space, x G X and / C M be an open, symmetric interval. Since Sx, the 
stabilizer of x, is a closed subgroup of M, then either 5*3; = R or Sx is nowhere dense. In the first case 
we have M.x — {x} and so Jjjx C Ix for every open J and U. In the second case (— oo, 0) \ Sx ^ 9 
and (0, oo) \Sx 9. Hence there is U containing x such that both sets (— oo, 0)x \ U and (0, oo)x \ U 
are nonempty. Then by continuity of the action we can choose J = (—a, a) C / and k,l E N such 
that (fca, {k + 2)a)x nU^$ and (-(/ + 2)a, -la)x n 17 = 0. Then we see that Jux C [~la, ka\x. 
We have {& e R : 6a; e Ix} ~ ISx, ISx is open and so [~la,ka] \ ISx is a compact subset of 
R. Since [-~la,ka\x \ Ix ~ ([—la,ka] \ ISx)x, then [—la,ka]x \ Ix is a compact subset of X not 
containing x. Hence there is a basic open [/„ containing x such that C ?7 \ {[—la, ka]x \ Ix). 
Since Ju„x C Jjjx H C/„ C [—la, ka]x Un, then we finally conclude J£/„a; C Ix. □ 



Thus for Polish group actions eventual openness is a property weaker than being induced by a 
group admitting a basis of open subgroups at its unity. Nevertheless as we shall see below eventual 
openness is equivalent to completness of the system of generalized Scott invariants. 

The rest of the section is divided into two parts. The first one is devoted to local counterparts 
of Vaught transforms A and * which will be applied in the second part in the proof of the result 
announced above. Moreover we will see later that eventually open actions are exactly those for which 
the map G Gx: g ^ gx is open with respect to ^^^(^x^+i^ ^very x E X. This property motivates 
the name. At this place note that using Theorem and Lemma [5{3) we have the following fact. 

Proposition 24. Let G he a Polish group, X be a Polish G-space and x £ X. The following 
statements are equivalent: 

(i) There is a>\ such that the map G —5- Gx: g gx is open with respect to t" . 

(ii) The map G Gx: g gx is open with respect to ^i^*(^)^2- 

3.1. Local Vaught transforms AjyV and ■ In the introductory section we saw that in some 
special cases local ^[/-saturation turns Borel sets into Borel sets. In general if ^ is a Borel set. 



20 BARBARA MAJCHER-IWANOW 

then VijA is analytic (recall that VA is analytic whenever A is Borel). Then the question of some 
Vjy-local counterparts of Vaught transforms arises. 

Definition 25. Let V G V and U C X be open. For every Borel set A C X we define: 

j^Auiv,!) =(Anu)^^nu, 

^Ac/(V,n+l) ^ (•^At,(V,n)^AV PI fj^ 

AAuV _ [J^A[/(V,n)^ 

n 

= {{Anu)u{x\u))*^ nu, 

A*uV — Pi y^*!7(^>") 

n 

Remark. It is clear that if we substitute in the above definition A hy A\^U , then we obtain 
exactly the same sets, especially A^""^ = n U)^"^ and A*""^ = (^4 n U)*"^ . Therefore we can 
limit ourselves to subsets of C/, while discussing properties of F[/-local Vaught transforms. 

It is natural to ask if the sequences (A^^^^'"^) and (A*^'^'"') are monotone. The positive answer 
to this question is one of the consequences of the following statements. 

Lemma 26. Let V G V , U Q X he open, x d U and A C X be a Borel set. Then for every natural 
number n > the following conditions are satisfied: 

(1) X e tjj xe 

(2) X e iff xe A*^^^^ui"))_ 

Proof (1) We proceed by induction. Since {g & V : gx G ACiU} C {V)^{1) and {V)^{1) is open, 
then {g & V : gx G An U} is nonmeager in V if and only if it is nonmeager in {V)^{1). This settles 
the case n = 1. 

Now assume that for some n > 0, every Borel set B Q X and every y £ U we have y G 

iff yeS^(Wi^(")). 

If a; G y:iA!7(\/,n+i)-j^ then according to Definition x & U and there is ft, e such that such that 
hx e This implies h e (V')^(l) and by the inductive assumption hx e yl^({V'>?r"(n)). Then 

there is a non-meager set K C {V)'^{n) such that fhx e A whenever f £ K. Hence Khx C A, Kh is 
a non-meager subset of {V)'^''{n)h and {V)'lf{n)h C^pen {Vf^{n+1). Therefore x e 
which completes the forward direction. 

To prove the converse suppose that x £ [/("+!)). This means that the set K ^ {f £ G : 

fx £ A} is nonmeager in {V)^{n + 1). Then the set X = {(g, h) : gh £ K} is nonmeager in the set 
{{g, h) : h £ (y)^(l), g £ {V)^{n), gh £ {V)^{n + 1)}. By Lemma[3U3) we see that the latter set is 
an open subset of (V^)^(?^) x (y)^(l). Hence K is nonmeager in the product {V)^{n) x {V)^{\). On 
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the other hand borelness of A imphes borelness of the set K. Thus we can apply Kuratowski-Ulam 
Theorem to see that there is a non-meager set F C {V)^{1) such that for every h ^ F the set 
{g G G : ghx G A} is non-meager in {VYuin)}. Hence 

^ ^ ,^^Au(V.n)-^AV ^jj ^ ^A({\/)- (n+1))^ 

This completes the proof of (1). We can prove (2) in a similar way. □ 

Corollary 27. Let V and U C X be open. For every Borel set A'Z X the sequence (A^"^'^^"') 
is increasing while the sequence (^4*'^*^^'")) is decreasing. 

Proof. This is an easy consequence of the lemma above, Definition [5] and standard properties of 
the original topological Vaught transforms. □ 

Let X U. Intuitively x is an element of A^"'^ if A contains some "big" part of its local Vc/-orbit. 
Similarly x belongs to A*"^ if "almost whole" Vux is contained in A. The following statement is a 
precise formulation of this idea. It also follows directly from Definition [25] and Lemma [26l 

Corollary 28. Let V eV, U C X be open and A C X be a Borel set. Then for every x G C/ the 
following conditions are satisfied: 

(1) X G A^"^ iff xe 

(2) X G A*"^ iff xe A<''^^u). 

Now it is clear that the basic properties of V[/-local Vaught transforms are similar to the properties 
of the original (topological) Vaught transforms. 

Lemma 29. Let V,V' V, U C X be open and x ^ U. Let A, Ag, Ai, . . . , An, . . . be Borel subsets 
of X . Then the following statements hold. 

(1) IfV C V, then A^"^' C A^"^ and A*"^' D A*"^ . 

(2) (i7\ A)^^^ ^U\A*"^. 

(3) (U^n)^-^ = UiA^"'') and {nAn)*-^ = niK""")- 

n n n n 

(4) X G A^'^^ ^ xe \J{A*(^"a') nU: g E Go n {V%, V" C V, V"g C {V)^}- 
X G A*^'V ^ xe f]{A'^^^"3') n C/ : .g G Go n (V)^, V" C V, V" g C {V)^}. 

(5) For every countable ordinal a > Q we have: 

(i) LfAe then A"^"^ G 2° and A*"^ G no+i. 

(ii) LfAe nl, then A*"^ G and A^^^ G 11° +i. 

Proof. (1) and (3) are immediate cosequences of the analogous properties of the original Vaught 
transforms. 
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(2) By Corollary [28i;i) x e{U\ A)^^^ if and only iix e{U\ By standard properties 

of the original Vaught transforms, the latter is equivalent to x G U \ A*^^''u . Then by Corollary 
[28l2) we get x £ U \ A*"^ . 

(4) Applying Corollary [28] together with the properties of the original Vaught transforms we get 
the equivalence 

(★) X G A^"^ ^ xe \J{{A*^) nU -.WC {V)l open }. 

Since the group operation is continuous, for every basic open W C {V)^ we can find V" C V and 
5 e Go n {V)lf such that V"g C W. Then we have A*^ C This completes the proof of the 

first equivalence. We can prove the second one in a similar way. 

(5) We may easily derive it from the definition using induction and the analogous properties of 
the original Vaught transforms. □ 

We close the discussion of Vy-local Vaught transforms with the following important property. 

Lemma 30. For every open U C X , Borel set A Q X and V , the following statements hold. 

(1) A*"^ c A^""^ C VuA. 

(2) A'-^'^'^ and A*"'^ are locally V{j -invariant. 

(3) If A is locally Vu -invariant, then A'^^^ = A*"^ = AnU. 

Proof. (1) is immediate by Corollarv [28l 

(2) Accordingly to the remarks following the definition of local Vc/-invariantness, we have to prove 
that if X e A^"^ {x e A*^'^) then Vux C A^^^ (resp. Vux C A*"^). 

Take an arbitrary x e ^A^y G A*^'^). Then by CoroUarvESl the set K = {g e (V)^ : gx e A} 
is nonmeager (comeager) in {V)^. Thus for any h G {V)^ the set Kh~^ is nonmeager (comeager) in 
(V")^"^. By Corollary Ei again, the latter yields hx e A^"^ (resp. hx £ A*"^). Thus we are done 
since Vux — {V)^x. 

(3) is immediate by Corollarv [28l and Lemma [30^1). □ 

By point (3) of the lemma above if A is locally V[/-invariant, then VijA = A^"^ . We may 
generalize the property as follows. 

Proposition 31. Let V , U C X be open and A C U be a Borel set. If there are open U' C U 
and V' £V such that AQU' and A is locally V[j, -invariant, then VuA — A^'^^ . 

Proof. We have D by point (1) of the previous lemma. 

To prove C take any element hx where x £ A and h e (y)'ij- Since A is locally -invariant 
thus {V%x C A. Then also {V'f^h-^hx C A. By Lemma [3] = {Vf^h-\ Thus we see that 

{/ £ {V)'lf : fhx G A} contains an open set (y')ijih^^ which proves hx G A^"^ . □ 
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This lemma together with Lemma [29l 5) yield the following assertion. 
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Corollary 32. Let V ^V, U C X be open, A C U and A E 11^ (X) for some ordinal a. If there are 
open U' and V' gV such that A'ZJJ' and A is locally V^, -invariant, then VjjA e 

3.2. Eventual openness and generalized Scott analysis. 

Theorem 33. Let G be a Polish group and X be a Polish G-space. The following statements are 
equivalent: 

(1) The G-action on X is eventually open. 

(2) For every V£V,U£U,x'E X , ordinal a > 1 and every locally 

Vu -invariant Borel set A £ i;° (X) U n° (X) if x e A, then B„(a;, U, V) C A. 

(3) For every x d X we have Gx = B^*(^^■^_^_2{x, X,G). 

(4) For every x E X the map G — > Gx: g gx is open with respect to ii^*(^')+2- 
Proof. (1)=J'(2) We apply an inductive argument. 

Consider the case a = 1. If A is a locally V^i-invariant open set containing x, then the local orbit 
Vux meets some basic open set Un ^ A. Then VjjUn Q A and so 

A D f]{VuU^ : U, n Vux ^ 0} 3 Bi{x, U, V). 

If A is a locally Vfj-invariant closed set containing x, then we have 

A D f]{X \ VuUn : A n {/„ = 0} D f]{X \ VuUn : Vux n U„ = 0} 3 Bi{x, a). 

To go through the successor step assume that for every x' £ Gx, Un, Vm and every locally 
(Kn)c/n"iii'^9''"i9'i^t A e U n° (X) we have Ba{x' , Un, Vm) ^ A, whenever x' e A. Then consider 
an arbitrary V[/-invariant set A G ^a+i ^ ^a+ii-^) such that x £ A. 

1° If A G then A can be presented as a union A — [JAi such that {Ai : i < u} C 

i 

n°(X). Since A is locally V^i-invariant, then according to Lemma 130^ 3) and Lemma [29l[3) we have 
A = A'^"^ ^ \JAf"^. There is i < a; such that x G Af"^. Then by Lemma [li;4), there are 

i 

.9 G Go n {V}Ij and V C V such that V'g C (y)^ and x G A*''^'''\ This means that the set 
{h £ G : hx £ Ai} is comeager in V'g or equivalently the set T ~ {h E G : hgx G Ai} is comeager 
in V'. Let Ggx be the stabilizer of gx. Since T — TGgx and V'Ggx — {h E G : hgx G V'gx} thus 
T is comeager in {ft, G G : hgx G V'gx}. The G-action is eventually open, so there are Un U 
containing gx and Vm ^ V such that {Vm)u„9x C V'gx. Then {VmYu ^ {h E G : hgx G V'gx}, 
and so T is comeager in {VmYjj ■ By Corollarv [28l the latter implies gx G A*""^"^ . Using Lemmas 
E^5) and 15013) we see that A*""^^"^ is a locally (Kn)c/„ -invariant n°-set. Thus we can apply the 
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inductive assumption to get B^igx, Un, Vm) ^ ^*'^'"^'"_ On the other hand Lemmas I^UT l) and B^ l) 
together with the assumption that A is locally Viy-invariant imply 

Therefore VuBa{gx, C/„, Vm) C A and so Ba+i{x, U, V) C A. 

2° If A is a locally V[/-invariant n|^^j^-set then X \ A is a locally V^i-invariant S^_^]^-set. Suppose 
that Ba+i{x, U, V) % A. Then there is ?/ £ Btt+i(a;, C/, V) such that y <^ X\A. By 1° this implies 
Ba+i{y, U,V) C X \A. This by Lemma [HJl) contradicts the assumption that x G A. 

(2) ^(3) Since Gx is an invariant Borel set, then there is an ordinal a such that Ba{x, X, G) C Gx. 
Hence by Theorem [20l we have i?^*(j.)+2(2;, -'^j G) C Gx. 

(3) =^>(4) By Effros theorem on G^-orbits. 

(4) =>(1) Take an arbitrary V €V. The set Vx is t^^ ^^-^^^-ox^en, so there are n,m Gu) such that 
B-y*(x)+i{x, Un, Vm) n Gx C Vx. Heucc (Vm) u^x C Vx. □ 

If X is a Polish G-space under an eventually open action, then by the theorem of Hjorth (see 
Lemma 6.30. [1]) the orbit equivalence relations iduced on X is classifiable by countable mod- 
els. Thus for every ordinal q > 1 the orbit equivalence relation induced on the Polish G-space 
{Ba{x, X,G),t^) is also classifiable by countable models. By another theorem of Hjorth (see Corol- 
lary 3.19. [4 ) this in turn implies that the G-action on Ba{x, X, G) is not turbulent with respect to 
t^. In particular the action of G on i?^*(2,)_|_2(a;, X, G) is not turbulent with respect to t^*i^x)+2- 
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